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In this paper we prove the equivalence of some conjectures on the generic rigidity
bar frameworks in 3-space. © 1999 Academic Press
1. INTRODUCTION
A bar framework in n-space G; p consists of a graph G = V;E and
a map p:V → n. Such a framework is said to be a realization of G in
n-space. An infinitesimal motion of G; p is a map m:V → n such that
for every edge ab ∈ E,(
pa − pb · (ma −mb = 0:
This induces a linear transformation T : nE → V  defined by
T
(
ma;mb; : : : = ((pa − pb · (ma −mb; : : ::
The kernel of T is precisely the space of infinitesimal motions of G; p.
The rank of G; p is the rank of this linear transformation. An infinitesimal
motion is said to be trivial if it is the restriction of a Euclidean motion of
the entire space n. The bar framework G; p is said to be infinitesimally
rigid if all its motions are trivial.
The degree of freedom of G; p is the dimension of the space of infinites-
imal motions modulo the space of trivial motions. If the vertices of the bar
framework span at least a hyperplane, then the degree of freedom is just(n+1
2

less than the dimension of the space of infinitesimal motions.
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If the transformation T is of full rank, then G; p is said to be indepen-
dent; otherwise it is dependent. G; p is a circuit if it is minimally dependent,
i.e., the deletion of any one edge will render it independent. G; p is iso-
static if it is both infinitesimally rigid and independent. (Actually what we
have is a matroid on the edge set of G. See [7] or [2] for a fuller discussion
of this aspect.)
The framework G; p is generic in n-space if the components of the
vectors in p are algebraically independent numbers. It is well known that if
G; p and G; q are both generic in n-space, then they have the same rank.
Also, if G; p is generic, then its rank is maximum among all realizations
of G in n-space. Thus generic rigidity is a property of the graph. Thus we
will drop any reference to p for a generic framework G; p. For example,
we will simply say that G is generically rigid in n, G is a generic circuit in
n, etc. We will denote the dimension of the space of motions of G realized
generically in n-space by mnG.
The characterization of generically rigid graphs in 2-space is well known.
The pioneering work was done by Laman [9]. Several characterizations
are now available. (See 11; 3; 10.) There is also a very nice writeup on
generic rigidity in the recent book of Graver et al. [7], which also includes
an extensive bibliography on the subject.
The problem for the case n = 3 is still open. However, several conjectures
have now been proposed. It is purpose of this article to discuss some of
these conjectures.
2. BAR FRAMEWORKS IN 3-SPACE
Suppose G is a graph and we want to compute the dimension of its space
of motions m3G. A first approximation can be obtained as follows. First
decompose G into a union of its subgraphs. Consider each of these sub-
graphs as rigid. If two of these have at least three vertices in common, then
their union is again rigid. Thus we can assume that each of the pairwise
intersections of these subgraphs contains at most two vertices. Each mo-
tion of this new structure is also a motion of G but not conversely because
these subgraphs may have nontrivial motions of their own. But it gives a
lower bound of m3G. It is hoped that if we look at all possible such de-
compositions, one of these will actually give the correct answer for m3G.
(We will need to consider decompositions in which each of the subgraphs
is a single edge or decompositions in which one of the subgraphs contains
no edge.) This is the essence of the conjectures we are going to present.
In order to present the conjectures we need to define a few technical
terms. A hypergraph HV;  consists of a finite nonempty vertex set V and
a family  of subsets of V , called its nodes or hyperedges. For our purposes,
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we assume that the nodes are incomparable. A hypergraph HV;  is said
to cover a graph GV;E if every edge of G is subset of some node of
H. We will usually just say  is a covering of G without referring to the
hypergraph H. H is said to be d-thin if no two nodes have more than d − 1
vertices in common.
We also need to define the following function which measures the dimen-
sion of the trivial motions of each node: For every X ⊆ V with X = m,
define
fdX =
 (
d+1
2

if d ≤ m
md − (m2  if m < d :
Now consider a 3-thin covering HV;  of a graph GV;E. This can
be thought of as a decomposition of G by the nodes of H. Now think of
each node as a rigid block. If a node contains only a single vertex, then the
dimension of the space of motions of this node on its own is 3. (Such a
vertex would be a connected component of G.) Likewise the corresponding
dimension for a node with two vertices is 5 and that of a node with at
least three vertices is 6. If two nodes intersect in a single vertex, then the
dimension of motions of these two nodes taken together is 3 less than the
sum of the dimensions of motions of each of the two nodes. If two nodes
intersect in a pair of vertices, then the corresponding reduction is 5. Such
a pair of vertices is called a hinge. If a hinge is shared by three nodes, i.e.,
their pairwise intersections are the same hinge, then the reduction is 10,
and so on. If two nodes intersect in 3 or more vertices, their union is again
rigid. Thus we can replace these two nodes by their union without changing
the space of motions. Hence we need only consider 3-thin coverings. This
simple minded estimate gives rise to the following conjecture proposed by
Dress et al. [6].
Conjecture 2.1. Let G = V;E be a graph and F3 be a function defined
on every 3-thin covering  of G defined by
F3 =
X
f3C:C ∈ 
}− 3i− v + h′ − h
where v = V , i is the number of vertex–node incidences, h is the num-
ber of hinges, and h′ is the number of hinge–node incidences. (Note: i =
v;C: v ∈ C;C ∈ ; and h′ is similarly defined.) Then
m3G ≥ F3:
Note that the first term of the right-hand side of F3 gives the sum
of the dimensions of the space of motions of the individual nodes. If two
nodes intersect in a vertex, then this vertex contributes −3 to the term
−3i − v and nothing to the last term. If three nodes have a vertex in
common, then this vertex contributes −6 to the second term and nothing
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to the last term. These are what we expected. If two nodes intersect in
a hinge, then this hinge contributes −6 to the second term and 1 to the
last term. Thus the net contribution is −5. If a hinge is common to three
nodes, then the hinge contributes −12 to the second term and 2 to the last
term. The net contribution is −10. These are again what we expected. This
conjecture is false for nonthin coverings as shown in Example 2.2.
Example 2.2. Let G be the complete graph on six vertices. Consider the
covering  where the nodes are all the five element subsets of V containing
two fixed vertices a and b. There are four nodes. The vertices a and b
are in every node while each of the other vertices is in three nodes. Thus
i = 2 × 4 + 4 × 3 = 20. Every pair of vertices is a hinge, whence h = 15.
The hinge ab is in four nodes. There are eight hinges of the type ax or bx,
where x is different from a and b, and each is in three nodes. There are
six other hinges and each is in two nodes. Thus h′ = 40, whence F3 =
4× 6− 320− 6 + 40− 15 = 7. But m3G is clearly 6 because G is rigid
in 3.
We now consider the generic realization of a graph G in d-space. We call
a subset S of vertices relatively rigid if all the motions of G restricted to S
are trivial motions of S. A maximal relatively rigid subset S is a relatively
rigid subset that is not contained in any larger relatively rigid subset. It
is clear from the definition that every edge is relatively rigid. For every
edge ab, the vertices a; b are in some maximal relatively rigid node. Also
two maximal relatively rigid nodes have at most d − 1 vertices in common.
Thus the set consisting of all the maximal relatively rigid nodes is a d-thin
covering. Such a covering is said to be d-closed. It is clear that every graph
has a unique d-closed covering. For the d-closed covering, the motions of
the nodes are precisely the motions of G. Thus we are led to the following
conjecture.
Conjecture 2.3. Let G be a graph and  be the 3-closed covering. Then
m3G = F3.
As a consequence of these two conjectures we have a third conjecture.
Conjecture 2.4. Let G be a graph. Then
m3G = max

F3:  is a 3-thin covering of G
}
:
Example 2.5. For the “two-banana” graph (Fig. 2.1) the maximal rela-
tively rigid nodes are the “bananas.” The two “bananas” can rotate freely
about the hinge ab (shown as a dotted line in the figure.) So m3G = 7.
Thus for the closed covering , F3 = 7 and this is the same as m3G.
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FIGURE 2.1.
Example 2.6. The graph in Fig. 2.2 realized in 3 is generically depen-
dent with nullity 1, i.e., m3G = 7. This can be shown by the Henneberg
sequence (see [15]),
−i;+he; −g; −d;+ef ; −c; −b; −f ; −a;+pq;
where the first expression means deleting i and adding he, the second
means deleting g, and so on. After the last step, the resulting graph is the
“two-banana” graph which is a generic circuit. So the original graph has
nullity one. (It is, in fact, a generic circuit.) Its only nontrivial motion is the
hinge motion about the hinges ea, ef , eh, and em (shown as broken lines
in the figure). Thus the maximal relatively rigid nodes are: a; b; c; d; e; f,
e; f; g; h; i, e; h; j; k;m; and a; e;m; n;p; q. Hence F3 = 7 and
Conjecture 2.3 holds for the graph.
Example 2.7. Similarly using the Henneberg sequence, the graph in
Fig. 2.3 can be shown to be generically dependent with nullity 1, i.e.,
m3G = 7. The only nontrivial motion is the motion about the hinges ea,
ed, ei, et, ih, im, iq (shown as broken lines). So the maximal relatively rigid
nodes are: a; b; c; d; e; , d; e; f; g; h; i, h; i; j; k;m, i;m; n;p; q,
e; i; q; r; s; t, and e; t; u; v; a; so F3 = 7.
It is possible that a maximal rigid node may not contain any edge of G at
all. Also Conjecture 2.3 may fail to hold if the covering  does not include
all the maximal relatively rigid nodes. These are illustrated in the following
example.
Example 2.8. Let G1 be the graph of five isolated vertices. Correspond-
ing to each pair of vertices, say a, b in G1, we construct the graph Gab by
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FIGURE 2.2.
adding a new triangle and joining a and b to the vertices of the triangle.
(Gab is the complete graph on five vertices minus one edge.) Let G be
the union of G1 and the Gab’s. Then clearly the motions are the rotations
about the hinges and m3G = 16. Since the maximal relatively rigid nodes
are G1 and the Gab’s we have F3 = 16 = m3G. However, if we take
the covering ′ which is  minus the node G1, then F3′ = 15.
FIGURE 2.3.
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For the next example we look at a graph whose maximal relatively rigid
nodes are two-element subsets.
Example 2.9. Consider the complete bipartite graph K4; 4. From the
work of Bolker and Roth [1], it is known that m3K4; 4 = 8. If there is a
maximal relatively rigid node which contains more than two vertices, then
one of the missing edges, i.e., an edge in the complementary graph, is in
the generic closure. It then follows that K4; 4 is generically rigid which is a
contradiction. So the nodes of the closed covering  are the edges of k4; 4
and F3 = 8.
F3 can be equal to m3G for coverings which are not closed.
Example 2.10. Let G be the graph of a triangulated sphere. Then e =
3v − 6 and we know that G is generically rigid. If  is the covering whose
nodes are the facial triangles, then
F3 = 6f − 32e− v + e
= 6f − e+ v + e− 3v
= 12 + e− 3v
= 6:
3. THE TWO-DIMENSIONAL CASE
Failing to prove the conjectures for 3-space, we consider their natural
analogues in 2-space. Since the union of two generically rigid graphs in the
plane with more than one vertex in common is again generically rigid, thin
coverings for 2-space (or simply thin 2-coverings) are those in which the
nodes intersect pairwise in at most one vertex. It turns out that the 2-space
analogues are easy consequences of Laman’s theorem. First we shall state
some known results.
Theorem 3.1 Laman [9]. Let G be a graph. Then G is generically iso-
static in 2 if and only if EG = 2V G − 3 and for any subgraph H,
EH ≤ 2V H − 3.
Theorem 3.2. Let G be a graph. Then G is a generic circuit in 2
if and only if EG = 2V G − 2 and for any subgraph H, EH ≤
2V H − 3.
Proof. If EG = 2V G − 2 and for any subgraph H, EH ≤
2V H − 3, then G is a generic circuit of 2.
Conversely, suppose G is a generic circuit in 2. If H is the subgraph
obtained from G by deleting an arbitrary edge, then H is independent.
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Thus EH ≤ 2V H − 3. Hence EG ≤ 2V G − 2. If EG ≤
2V G − 3, then G would be independent by Laman’s theorem. Thus
EG = 2V G − 2.
Corollary 3.3. If G is a generic circuit in 2, then G is generically rigid.
Now we can present and prove an analogue of the conjectures in Sec-
tion 2.
Theorem 3.4. Let G be a graph and  be any thin antichain 2-covering
of G. Then the dimension of the space of motions of G as a generic bar
framework in 2-space m2G satisfies
m2G ≥ F2 x=
X
f2A:A ∈ 
}− 2i− v:
Moreover, if  is the closed 2-covering, then
m2G = F2:
Proof. We call each vertex which is common to more than one node
a joint. If a joint is common to k nodes, then it imposes 2k − 1 linear
constraints on the motions of the nodes. The space of constraints of the bar
framework is spanned by the constraints induced by the joints. Thus F2
is a lower bound for the dimension of motions of the nodes. The motions
of the nodes are motions of G but the converse is not necessarily true. So
the inequality follows.
If  is the closed 2-covering then the motions of G are exactly the mo-
tions of the nodes. We may assume, without loss of generality, that G is
connected so that none of the nodes of  is a singleton. Thus it suffices to
show that F2 gives the dimension of motions of the nodes. To this end
we convert the nodes back into a bar framework H by replacing each node
with isostatic graph on the vertices of the nodes. Clearly m2H = m2G
and  is a closed 2-covering of H. ThenEH =X2X:X ∈ } = 2i− 3
and
F2 =
X
f X:X ∈ }− 2i− v = 3 − 2i+ 2v = 2v − EH:
Thus the result would follow if H could be shown to be independent. From
Laman’s theorem we know that every circuit of H is rigid and thus must
be contained in a node of . But the graphs on the nodes are isostatic. So
H is independent.
Using the previous result we can show that the three conjectures are true
for the cone G ∗ u over a graph G. We shall prove one of the conjectures
and leave the others as exercise. (Recall that G ∗ u is the graph obtained
from G by adding one new vertex u which is joined to every vertex of G.)
Coning is a basic construction in rigidity. See [17] for more details.
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Theorem 3.5. Let G be a graph and G ∗ u be a cone over G. If  is the
closed covering of G ∗ u, then
F3 = m3G ∗ u:
Proof. Every maximal relatively rigid node of G ∗ u is a cone over a
maximal rigid node of G as a generic bar framework in the plane. (Recall
that the cone G ∗ u of a graph H is generically rigid in 3-space if and
only if H is generically rigid in 2-space.) Thus if ′ is the 2-covering of G
obtained from  by deleting the vertex u from every node, then ′ is the
closed 2-covering of G. Therefore we have
m3G ∗ u = m2G + 3 = F2′ + 3 = 3′ − 2i− v + 3;
where i is the number of vertex–node incidences in ′ and v = V G.
Since the vertex u is in every node of  and every hinge is of the form ux;
where x is a vertex of G, we have
F3 = 6 − 3
(
i+ ′ − v − 1+ i− v
= 3′ − 2i− v + 3
= F2′ + 3:
Analogously we have the following theorem whose proof is omitted.
Theorem 3.6. Let G ∗ u be a cone over G and  be a thin antichain
covering of G ∗ u. Then m3G ∗ u ≥ F3.
4. AN EQUIVALENT FORMULATION
There is another way to formulate the conjectures due essentially to
Crapo and the author, and it arises in the context of a homology theory
for structures. For every covering  we define the relative Mo¨bius function
µ recursively byX
µC:A ⊆ C ∈ 
} = 1; for all A ⊆ V ;
and µC = 0 unless C is the intersection of some nonempty nodes in .
Example 4.1. If a; b; c, a; b; d, a; c; d are the nodes of a covering
, then the values of the relative Mo¨bius function for the various sets are
written beside the sets in Fig. 4.1.
The characteristic χ3 of a covering  is defined as
χ3 x=
X
µAf3A:A ⊆ V G
}
:
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FIGURE 4.1.
Conjecture 4.2. For any graph G, m3G ≥ χ3.
Conjecture 4.3. For any graph G, m3G = χ3 if  is the closed
3-covering.
We shall prove that for any 3-covering , F3 = χ3. As a con-
sequence, Conjectures 2.3 and 4.3 are equivalent as are Conjectures 2.1
and 4.2.
Theorem 4.4. If  is any antichain covering (not necessarily thin) of a
graph G, then χ3 = F3.
Proof. A vertex which belongs to only one node contributes nothing
to the term i − v. Moreover, such a vertex also contributes nothing to
χ3. Thus we shall consider only those vertices that are in the pairwise
intersections of the nodes. Thus by a vertex we mean one of these vertices
and v is the number of such vertices and i is the number of vertex–node
incidences for such vertices.
We need some extra notations. A vertex–node incidence a ∈ U , where a
is a vertex and U is a node, is said to associated with a hinge if there is a
hinge in U that contains the vertex a. The number of all such incidences
is denoted by ih and the number of all other vertex–node incidences is
denoted by i∗. Likewise we denote the number of vertices that are parts of
hinges by vh and the number of other vertices by v∗. Then
F3 =
X
f A:A ∈ }− 3ih + i∗ − vh − v∗ + h′ − h:
(Recall that h is the number of hinges and h′ is the number of hinge–node
incidences.)
Now for every node A, µA = 1. For every hinge H,
µH = 1− number of nodes containing H:
Therefore X
µH = h− h′:
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For every vertex j that is not part of a hinge
µj = 1− number of nodes containing j:
For each of the other vertices j,
µj = 1− number of nodes containing j −
P
µH;
where the summation is over all hinges H containing j. The nodes contain-
ing j can be divided into two classes: those that contain some hinges that
include j and those that do not. HenceX
µj = v∗ − i∗ + vh − ih − 2
X
µH:H is a hinge
}
= v∗ − i∗ + vh − ih − 2h− h′:
The last term in the first line is due to the fact that each µH is counted
twice in the summation.
Therefore
χ3 =
X
f3A:A ∈ 
}+ 5XµH + 3Xµj
=Xf3A:A ∈ }+ 5h− h′ + 3(v∗ − i∗ + vh − ih − 2h− h′
= F3:
There are some partial results on these conjectures.
Proposition 4.5. Let G be a graph and  be a 3-thin antichain covering
with no hinges. Then m3G ≥ χ3.
Proof. Since each joint j is equivalent to −3µj linear constraints on
the motions of the nodes, and these joints span the space of constraints,
we have
m3G ≥
X
f A:A ∈ }+ 3Xµj = χ3:
Proposition 4.6. Let G be a graph and  be a thin antichain covering
such that the pairwise intersections of the hinges are empty. Then m3G ≥
χ3.
Proof. Since each hinge H is equivalent to −5µH linear constraints
on the motions of the nodes, we have
χ3 =
X
f A:A ∈ }+ 5XµH ≤ m3G:
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A bar and rod framework in 3-space consists of a finite set of rods certain
pairs of which are joined by one or more bars using ball joints. Recently Tay
11; 12 characterized generically rigid bar and rod frameworks in 3-space.
Theorem 4.7. A graph G is realizable as an isostatic bar and rod frame-
work in 3-space with vertices corresponding to rods and edges to bars if and
only if e = 5v − 6 and e′ ≤ 5v′ − 6 for every subgraph with e′ edges and v′
vertices. (Note that in this formulation, the pairwise intersections of the rods
are empty.)
Using this result we can also prove another partial result.
Proposition 4.8. Let G be a graph. Suppose  is the closed covering and
has the following properties:
(i) The pairwise intersections of the hinges are empty.
(ii) Every vertex–node incidence is associated with a hinge.
Then m3G = χ3.
Proof. Assume, without loss of generality, that G is connected. Then
every node of  contains at least three vertices. Also the motions of G are
exactly the motions of the nodes. We now obtain a bar and rod framework
H by regarding the hinges as rods and replacing every node by an isostatic
bar and rod framework on the rods of the nodes. (If a node has only one
hinge, then we add another hinge. This increases h′ and h by 1 each and
consequently does not change h′ − h.) Then m3H = m3G. The number
of rods in H is h and the number of bars b = 5h′ − 6. As a consequence
of Theorem 4.7, the generic circuits of H are rigid and the rigid nodes
of H are isostatic. Thus H is independent and m3H = 5h − b = 6 −
5h′ − h = F3.
5. HIGHER DIMENSIONAL ANALOGUES
What are the higher dimensional analogues for these conjectures? It is
clear that for d-space, thin d-coverings must have their pairwise node inter-
sections containing at most d − 1 vertices. The analogous conjectures are
the following.
Conjecture 5.1. Let G be a graph and  be a thin d-covering. Then
mdG ≥
X
fdAµA:A ∈ 
} =x χd;
where mdG is the dimension of motions of G as a generic bar framework
in d-space.
26 tiong-seng tay
Conjecture 5.2. Let G be a graph and  be the closed-covering. Then
mdG = χd:
Conjecture 5.3. Let G be a graph. Then
mdG = max

χd:  is a d-covering
}
:
For d = 4 we know two counter examples to the second of these conjec-
tures.
Example 5.4. Consider the complete bipartite graph K6; 6. By the re-
sults of Bolker and Roth [1] this is a generic circuit in 4-space. Thus
m4K6; 6 = 4v − e + 1 = 13. The maximal relatively rigid nodes are the
edges. If some other pair is contained in a rigid node, then the edge
joining that pair is in the closure; whence K6; 6 is generically rigid, i.e.,
m4K6; 6 = 10. But this is a contradiction. Hence the nodes of the rigid
covering  are the edges. Therefore
χ4 = 7 · 36− 4 · 12 · 5 = 12:
Example 5.5. The bipartite graph K6; 7 is also a counterexample. How-
ever, it has not been established that K6; 6 and K6; 7 are also counterexam-
ples to the other two conjectures.
Suppose two rigid bodies (not necessarily of dimension d) in d-space
have a vertex in common, then d degrees of freedom are removed. If they
have two joints in common, then 2d − 1 degrees are removed. If they have
k vertices in common, where k is less than the dimensions of the bodies,
then kd − (k2 degrees of freedom are removed. In each case the number
of degrees of freedom removed is di− v − h′ − h, where, as usual, i is
the number of vertex–node incidences, v is the number of vertices, h is the
number of hinges, and h′ is the number of hinge–node incidences. Thus the
d-dimensional analogue of F3 is the following:
Fd =x
X
fdX:X ∈ 
}− di− v + h′ − h:
Theorem 5.6. For any graph G and any thin d-covering , we have
Fd = χd:
The proof is similar to that of Theorem 4.4 and is omitted.
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6. SEMIMODULAR FUNCTIONS
We conclude this article by presenting yet another formulation of the
conjectures. This formulation may be of some interest to those familiar with
matroids. Define a function g on the vertex set of a graph G as follows:
gA =
8<: 0 if A ≤ 11 if A = 23A − 6 if A ≥ 3.
Then it can be shown that for every A ⊆ V G, gA + f A = 3A. Let
T  =XµAgA:A ∈ }:
Then
T  + χ3 =
X
µAgA + f A:A ∈ 
}
= 3XµAA:A ∈ }
= 3v:
The last equality follows because the second line is the usual inclusion–
exclusion formula for the cardinality of the union of a family of sets.
If we let r3G denote the rank of G as a generic bar framework in 3-
space then m3G + r3G = 3v. Thus our three conjectures are equivalent
to the following:
Conjecture 6.1. Let G be a graph and  be a thin antichain covering.
Then
(i) r3G ≤ T .
(ii) r3G = T  if  is the closed covering.
(iii) r3G = minT :  is a covering.
For every A ⊆ EG; if we let
ρA = minT :  is a thin antichain covering of A};
then the truth of the conjectures implies that ρ is a matroid rank function
on the edges on G. So far it has not been shown that ρ is a matroid rank
function. It is easy to show that ρ has the “unit increase” property. But it
is not known if ρZ = 0 or if ρ is semimodular.
The function g is almost semimodular in the sense that it is semimodu-
lar if gA = 0 for A = 2. If g is semimodular, then ρ is the rank function
of a matroid by the Edmonds–Rota construction [16]. The conjecture sug-
gests a way to generalize this construction. This problem was also posed in
a recent conference in matroid theory [5].
28 tiong-seng tay
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